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Abstrat
Ho°ava-Lifshitz theory of gravity with detailed balane is plagued by the presene of a
negative bare (or geometrial) osmologial onstant whih makes its osmology lash with
observations. We argue that adding the eets of the large vauum energy of quantum matter
elds, this bare osmologial onstant an be approximately ompensated to aount for the
small observed (total) osmologial onstant Λ
obs
. Even though we annot address the ne-
tuning problem in this way, we are able to establish a relation between the smallness of Λ
obs
and the sale ℓ
uv
at whih dimension 4 orretions to the Einstein gravity beome signiant
for osmology. This sale turns out to be ℓ
uv
≃ 5 ℓ
p
for Λ
obs
≃ 0 and we therefore argue that
the smallness of Λ
obs
guarantees that Lorentz invariane is broken only at very small sales. We
are also able to provide a rst rough estimation for the values of the parameters of the theory
µ and Λ
w
.
1 Introdution
The osmologial onstant (CC) problem is one of the most puzzling issues in modern osmology.
Sine Einstein rst introdued it to allow for a stati universe, the CC has been removed and
reintrodued in the Einstein eld equations, eventually as the simplest way to explain the supernovae
data providing evidene for the present aeleration in the osmologial expansion. It is outside the
purpose of this letter to review the history of the CC (see, e.g. Refs. [1, 2, 3℄). Here we just need
to reall that there are atually two problems related to the CC: the oinidene problem, i.e. why
the CC is taking over now, and the huge disrepany of about 120 orders of magnitude between
theoretial preditions and the observed value when Λ is onsidered as a purely vauum eet. We
will address this seond issue in the framework of Ho°ava-Lifshitz theory with detailed balane.
Vauum eets are real, as shown, for instane, by experiments on the Casimir eet. The
vauum energy density and related Λ
v
should therefore give observable eets in osmology just as
they do in the laboratory. On this basis, one an slightly reformulate the CC problem as follows:
∗
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1
given for granted the presene a zero-point energy, what eet is ompensating for the very large
Λ
v
it indues via the Einstein eld equations to result in the small observed Λ
obs
? One ould easily
argue that a large and negative bare CC, say Λ
b
, an do this if |Λ
b
| . Λ
v
and
Λ
b
+ Λ
v
= Λ
obs
. (1.1)
Of ourse, this simple idea is not new and an be applied to General Relativity (GR), as well as in
other models
1
, but in standard GR this hoie is less natural for (at least) two well known reasons:
i) hoosing Λ
b
negative and large is ompletely arbitrary. Sine Minkowski is the most natural
vauum state of GR, Λ
b
should in priniple vanish; ii) a questionable ne tuning is required for
the two large quantities Λ
b
and Λ
v
to ompensate and give Λ
b
+ Λ
v
≈ Λ
obs
. We will see that
in Ho°ava's theory with detailed balane this mehanism is less artiial. This is beause: i) its
vauum ontains a large negative bare CC; ii) as we will show, the total CC, Λ
b
+Λ
v
, is related to
the sale ℓ
uv
at whih Lorentz symmetry violating terms beome relevant, and it is small when ℓ
uv
is lose to the Plank length
2
.
This letter is organized as follows. In Se. 2, we briey review Ho°ava's theory and estimate the
sale at whih orretions to the Einstein-Hilbert ation start aeting the dynamis. In Se. 3, we
ompute the vauum ontribution to the CC and relate it to the above mentioned sale. Finally,
our onlusions are presented in Se. 4.
2 Ho°ava's theory and the GR regime
Ho°ava's theory of gravity at a Lifshitz point z is an attempt to provide an ultraviolet (UV) om-
pletion of GR at the prie of breaking Lorentz invariane at a fundamental level and reover the
relativisti theory as an emerging feature at large sales. The original idea [5, 6, 7℄ is to develop a
theory of gravity with an anisotropi saling between the spae and time dimensions,
~x→ l ~x ; t→ lzt , (2.1)
like it was done by Lifshitz in his studies of salar elds [8℄. In the above z is alled the dynamial
ritial exponent and will be xed to z = 3 in what follows. The resulting theory has an improved
UV behaviour and is power-ounting renormalizable.
There are dierent versions of the theory, essentially depending on whether the detailed balane
priniple and/or the projetability ondition hold. Detailed balane restrits the potential to the
form provided in Eq. (2.2) below, while projetability is nothing but the requirement that the
lapse funtion depends on time only, N = N(t). Another ruial feature in Ho°ava's gravity is
the assumption that the GR invariane under dieomorphisms is replaed by the less restritive
group of foliated dieomorphisms, the dierene being that the time oordinate transformation an
only depend on the old time variable, t → t˜ = t˜(t). More details about Ho°ava-Lifshitz gravity,
the ongoing disussion of the possible oneptual aws of the theory and the eets of Lorentz
symmetry violation an be found in Refs. [9, 10, 11, 12, 13, 14, 15, 16℄. In partiular, several
aspets of Ho°ava-Lifshitz osmology were studied in Refs. [17, 18, 19, 20, 21, 22, 23, 24, 25, 26, 27℄.
1
For instane, see Ref. [1℄, where the ase of supersymmetry is also disussed.
2
Lorentz invariane is tested to quite a good level of auray. See Ref. [4℄ for a omprehensive review of Lorentz
symmetry violation and related tests.
2
The ation for the Ho°ava theory satisfying the detailed balane priniple is given by
S =
∫
dt d3x
√
g N
[
2
κ2
(
Kij K
ij − λK2)− κ2
2w4
Cij C
ij +
κ2 µ
2w2
εijkRiℓ∇jRℓk
−κ
2µ2
8
Rij R
ij +
κ2 µ2
8 (1− 3λ)
(
1− 4λ
4
R2 + Λ
w
R− 3Λ2
w
)]
,
(2.2)
where we are using the same notation as in Ref. [5℄. To reover GR in the infrared one must have
λ→ 1 and
c =
κ2 µ
4
√
−Λw
2
; G
n
=
κ2
32π c
; Λ
b
=
3
2
Λ
w
. (2.3)
Note that the units used here math those adopted in [5℄: [c] = [Λ] = L−2, [G
n
] = L2, [µ] = L−1
and [κ] = [w] = 1. By using the rst two expressions in Eq. (2.3), one also obtains
G
n
=
1
8π µ
√
− 2
Λ
w
, (2.4)
so that Λ
w
(hene Λ
b
) must be non-zero and negative for G
n
to be real.
In order to estimate the energy sale at whih the terms in Eq. (2.2) swith on, we substitute
the parameters of the theory κ, µ and Λ
w
with c, G
n
and Λ
b
, and then use the relation x0 = c t to
write the ation as (we set N = 1 heneforth)
S =
∫
d4x
√
g
[
1
16π c2G
n
(
Kij K
ij −K2)− 16π Gn
w4
Cij C
ij +
2
w2
√
− 3
Λ
b
εijk Riℓ∇jRℓk
+
1
16π G
n
(
3
Λ
b
Rij R
ij − 9
8Λ
b
R2 +R− 2Λ
b
)]
.
(2.5)
This ation is non-relativisti but redues to the Einstein-Hilbert ation when the last two terms
dominate. In the above, w is a dimensionless parameter that ats as a oupling in the three-
dimensional Chern-Simons ation used by Ho°ava to deform his four-dimensional ation. In a
Friedmann-Robertson-Walker (FRW) bakground, these operators (of dimension higher than 4)
vanish identially so that only the terms in the last line of Eq. (2.5) are relevant for our analysis.
Before proeeding to takle the CC problem, however, we estimate the relative size of all the orre-
tions to the GR potential. We therefore fator the dimensions out of the terms in the ation (2.5)
by resaling the spatial oordinates as
x˜i = P xi (2.6)
where P arries the dimension of a spatial derivative (i.e. the inverse of a length), and [x˜i] = 1.
Beause of this transformation, all the funtions of the three metri [R˜] = [R˜ij ] = . . . = [C˜ij ] = 1
and
S =
∫
d4x
√
g
[
1
16π c2G
n
(
Kij K
ij −K2)− P6 16π Gn
w4
C˜ij C˜
ij + P5 2
w2
√
− 3
Λ
b
εijk R˜iℓ ∇˜jR˜ℓk
+
1
16π G
n
(
P4 3
Λ
b
R˜ij R˜
ij − P4 9
8Λ
b
R˜2 + P2 R˜− 2Λ
b
)]
,
(2.7)
3
where the power of P is then the saling (or inverse length) dimension of the orresponding poly-
nomial term in the three metri and its derivatives. A orretion of derivative order n to the GR
potential then beomes relevant when the ratio between the oeient in front of the term multi-
plied by Pn and the oeient multiplying R˜ omes to be of order one. This determines a set of
inverse length sales kn, whih are given by
3
k6 ∼ w√
16πG
n
; k5 ∼
[√
−Λb
3
w2
32πG
n
] 1
3
(2.8)
for the dimension 6 and 5 terms respetively, while for the two dimension 4 terms we have (in the
order they appear in the ation)
k4a ∼
√
−Λ
b
3
. k4b ∼
√
−8Λ
b
9
. (2.9)
As we mentioned before, the two sales in Eq. (2.8) are not relevant in FRW, sine the orresponding
orretions vanish identially there, and we are just left with those in Eq. (2.9). The smaller of
these, k4a, then identies the sale at whih Einstein-Hilbert terms and the rst Lorentz-violating
orretion are equally signiant. We will therefore denote it with
k4 ≡ k4a ≃
√
−Λ
b
3
, (2.10)
and use it in the next setion to evaluate the vauum energy ontributions. It is important to note
that, by Eq. (2.10), Λ
b
must be quite large (other than non-zero and negative), otherwise we would
observe UV eets (e.g. Lorentz symmetry violations) in the infrared regime. In the next setion
will see that Λ
b
is atually very lose to the Plank sale.
3 Vauum ontributions
A zero-point energy ontribution to the energy momentum tensor is equivalent to a orretion to
the bare osmologial onstant Λ
b
given by
Λ
v
=
8π G
n
c4
ε
v
, (3.1)
where ε
v
is the energy density of the vauum given by
4
ε
v
=
1
V
∑
~k
~
2
ω(~k) =
1
8π3
∫ k
max
0
~
2
ω(~k) d3k =
~
4π2
∫ k
max
0
ω(~k) k2 dk , (3.2)
where k
max
is an appropriate inverse wavelength ut-o and ω(~k) the dispersion relation valid in
the regime onsidered.
In Ho°ava's model, we an, in priniple, identify three dierent regimes, depending on whih
operators in the ation Eq. (2.2) (dimension 2, dimension 4 or dimension higher than 4) are relevant
3
We reall that we do not set c = G
n
= 1.
4
We use here the standard approximation
P
k
≈
V
8pi3
R
d~k valid for very large spatial volume V . Note also that
[ε
v
] = L−12 and [~] = L−6 in our units.
4
at a given (inverse) length sale. Assuming a sharp transition between the the three regimes, we
an split the integral appearing in Eq. (3.2) into three parts,∫ k
max
0
=
∫ k4
0
+
∫ k6
k4
+
∫ k
max
k6
, (3.3)
However, sine operators with dimension larger than 4 vanish identially in an FRW universe, their
ontribution to the vauum energy is negligible and, for our interest in this work, their ontribution
an be ignored. Hene, we shall only onsider two regimes: the infrared (IR) regime, where the ation
ows to the Einstein-Hilbert ation as previously mentioned, and the ultraviolet (UV) regime, in
whih dimension 4 terms dominate. The dierene is substantial to our purposes, for the dispersion
relation ω(~k) in Eq. (3.2) in the UV is expeted to dier signiantly from the one in the IR.
Assuming a sharp transition between the two regimes at k4 given in Eq. (2.10), we an split the
integral appearing in Eq. (3.2) into two parts,∫ k
max
0
=
∫ k4
0
+
∫ k
max
k4
, (3.4)
where for k
max
we simply hoose the inverse Plank length k
p
= ℓ−1
p
=
√
c3/G
n
~ . We shall just
evaluate the energy density for one massless salar eld in at spae in the following.
3.1 IR ontribution
In the infrared, the dispersion relation is the usual
ω
ir
(~k) ≃ c k ≡ c |~k| . (3.5)
Eq. (3.2) then yields
ε
v,ir
=
~
4π2
∫ k4
0
c k3 dk =
~ c
16π2
k44 (3.6)
and the IR ontribution to Λ
v
is
Λ
v,ir
=
8π G
n
c4
ε
v,ir
=
~G
n
2π c3
k44 =
~G
n
18π c3
Λ2
b
=
ℓ2
p
18π
Λ2
b
. (3.7)
It is then interesting to note that, in the infrared, a bare CC automatially indues a vauum CC
proportional to the square of the bare CC.
3.2 UV ontribution
Let us turn our attention to the UV ontribution
ε
v,uv
=
~
4π2
∫ k
max
k4
ω
uv
(~k) k2 dk , (3.8)
where ω
uv
(~k) is the dispersion relation valid in the UV. A dimension 4 orretion suggests that
ω
uv
(~k) ∝ k2 so that, on purely dimensional grounds, we expet that
ω
uv
(~k) =
√
~G
n
c
k2 , (3.9)
5
whene
ε
v,uv
=
~
4π2
√
~G
n
c
∫ k
max
k4
k4 dk =
1
20π2
√
~3G
n
c
(
k5
max
− k5
eq
)
=
1
20π2
(
c7
~G2
n
− 1
9
√
−~
3G
n
Λ5
b
3 c
)
.
(3.10)
The total ε
v
is then
ε
v
= ε
v,ir
+ ε
v,uv
=
1
144π2
[
~ cΛ2
b
+
4
5
(
9 c7
~G2
n
−
√
− ~
3G
n
Λ5
b
3 c
)]
, (3.11)
whih in turn indues a Λ
v
given by
Λ
v
=
8π G
n
c4
ε
v
=
1
18π
[
ℓ2
p
Λ2
b
+
4
5
(
9
ℓ2
p
−
√
−ℓ6
p
Λ5
b
3
)]
. (3.12)
Here it is important to note that the above expression is sale independent, sine it is given in terms
of the fundamental onstants Λ
b
and ℓ
p
whih are not subjet to renormalization eets.
From Eq. (1.1), Ho°ava's theory with detailed balane an ope with observations if the total
CC mathes the observed Λ
obs
, that is if
Λ
b
+ Λ
v
= Λ
b
+
1
18π
[
ℓ2
p
Λ2
b
+
4
5
(
9
ℓ2
p
−
√
−ℓ6
p
Λ5
b
3
)]
= Λ
obs
. (3.13)
Sine Λ
b
is expeted to be muh larger than Λ
obs
[see the disussion below Eq. (2.8))℄, we an
eetively approximate Λ
obs
≃ 0 and solve
Λ
b
+
1
18π
[
ℓ2
p
Λ2
b
+
4
5
(
9
ℓ2
p
−
√
−ℓ6
p
Λ5
b
3
)]
≃ 0 (3.14)
for Λ
b
. One then obtains
Λ
b
≃ −0.13 ℓ−2
p
. (3.15)
whih implies that UV eets start ontributing at
5
ℓ
uv
≡ k−1
4
≡
√−3
Λ
b
≃ 4.8 ℓ
p
. (3.16)
This result tells us that non-GR terms only swith on at very small length sales. The above estimate
for ℓ
uv
is also relatively stable with respet to the possible values of k4. In fat, for k4 ≪ k4a, the
solution for ℓ
uv
tends to
√
15π/2 ℓ
p
≃ 4.9 ℓ
p
. For k4a < k4 . 4.3 k4a, ℓuv slowly dereases toward its
minimum, ℓ
uv,min
≃ 4.3 ℓ
p
, and then inreases again for k4 & 4.3 k4a, with the ratio ℓuv/ℓp growing
slower than the square root of k4/k4a. For instane, one needs k4 be (approximately) 15 times
larger than its natural value k4a for the ratio ℓuv/ℓp to double the value given in Eq. (3.16). We
5
Of ourse, our results must be taken as order of magnitude estimates, sine, in evaluating Λ
v
, we just onsidered
one salar eld and have not properly aounted for all the degrees of freedom of existing matter elds.
6
an therefore onlude that the result in Eq. (3.16) is a reliable approximation and ℓ
uv
≃ 5 ℓ
p
for
any sensible hoie of k4.
Our analysis also reveals two intriguing features:
i) the UV regime spans only about ve Plank lengths, and one might argue that its existene
is negligible in a rst approximation. A loser inspetion however, reveals that it is essential for
the onsisteny of the present study. Indeed, without the UV ontribution given in Eq. (3.10),
Eq. (3.14) would yield two solutions, ℓ
uv
= ∞ and ℓ
uv
= ℓ
p
/
√
6π < ℓ
p
, both of whih are learly
unaeptable.
ii) no hoie of k4 in Eq. (3.4) an lead to ℓuv < ℓp that is, the sale at whih Lorentz-violating UV
terms beome relevant is larger than the Plank sale and Ho°ava's theory annot be onsidered
equivalent to GR all the way down to the Plank length.
Finally, Eq. (3.15) allows us to lose the system (2.3) providing a rst estimate for the IR values
of the parameters of the theory, namely
µ
ir
≈ 5
4π
√
~
G
n
c3
=
5 ℓ
p
4π G
n
; Λ
w,ir
≈ 1
60 ℓ2
p
(3.17)
while κ is already determined by the seond of Eqs. (2.3).
4 Conlusions
We have shown that the huge disrepany between the observed value of the osmologial onstant
and standard preditions from Quantum Field Theory an be addressed in the framework of Ho°ava-
Lifshitz theory of gravity with detailed balane. In fat, this theory ontains a negative and large
bare osmologial onstant whih ompensates for the large and positive vauum energy of matter
elds. In so doing, we have established a relation between the smallness of the total osmologial
onstant and the sale of ultraviolet eets given in Eq. (3.16). One an take the view that ultraviolet
eets do not show up at lower energies beause the bare osmologial onstant is almost totally
ompensating for the zero-point energy density or, onversely, that the almost perfet ompensation
between the bare and the vauum osmologial onstant prevents Lorentz-violating ultraviolet eets
to interfere with large sale physis.
Details of the interplay with this apparently dierent setors of Ho°ava's osmology are left open
for future investigations.
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